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Abstract 

Multivariate meta-analysis can be used to combine several outcome measures instead of only concerning one 

specific outcome measure. We need to quantify the correlations between outcomes across studies when fitting 

multivariate models. The model requires an estimate of the correlations between treatment effect for each 

study. These correlations are known as within study correlations and rarely available in published literature.  

This limits the multivariate approach in practice. Therefore, we have to either approximate them or ignore 

correlations between effect estimates within the same studies.  In this paper, we discuss some widely 

applicable ways in which this problem can be resolved. We also examine the use of the Bayesian correlation 

method as a novel approach for dealing with unknown within-study correlations in bivariate meta-analysis.  

When there is heterogeneity of effects across studies and high correlation within studies, our approach 

perform quite well. An application to a meta-analysis of treatments for acute stroke data illustrates the use of 

the approximated correlation in bivariate meta-analysis with correlated outcomes.  
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1. Introduction 

Meta-analysis has become an increasingly important technique and it enables researchers to combine the 

statistical results of many pieces of research on the same research question.  Univariate meta-analysis refers to 

quantitative methods of synthesizing one statistical result from many studies that examine a certain topic.  

However, having measures on many variables limit the use of univariate meta-analysis and seek methods that 

allow combining the results of different studies where each contains a multivariate analysis.  There are a 

variety of multivariate techniques for data synthesis across such studies and one needs to choose a specific 

technique for a given research problem. 

Meta-analysis is typically done on independent studies, and consequently their effect sizes are also 

independent. However, this is not true for each study. Some studies can use multiple treatments compared to a 

common control group resulting in correlations between effect sizes.  When studies sharing a common control 

group, the estimate of effect sizes may not be independent and such studies are called as multiple-treatment 

studies (Gleser & Olkin, 1994).  Moreover, studies can have combination of several outcome measures instead 

of only concerning one specific outcome measure. If such outcome measures come from same individual of 

interest, they are likely to be correlated; corresponding estimated effect sizes for these measures will be 

correlated within studies. Studies of this type are called as multiple-endpoints studies (Berkey et al., 1996, 

Gleser & Olkin, 1994). 

Multivariate meta-analysis allows a joint synthesis of the multiple end points or multiple treatment effects and 

it will produce a pooled result for each end point or each treatment effect simultaneously. This can account for 

any correlation between end points or treatment effects and the correlation may exist both within studies and 

between studies. The within-study correlation indicates the association between the summary end points or 

treatment effect estimates within a study.  Same individual in a study contributing towards multiple treatment 

effects or multiple end points is the reason for that type of correlation. The between-study correlation indicates 

how the true underlying end point or treatment effect summary values are related across studies and is caused 

by deference across studies in patient characteristics, such as age, or changes in study characteristics, like the 

threshold level in diagnostic studies (Riley, 2009). 

When the summary data per study are multi-dimensional, practitioners usually choose to perform a separate 

univariate meta-analysis of each end point or each outcome variable. One reason for this may include the 

increased complexity of the multivariate approach. The requirement of special statistical software is another 

problem. Perhaps a lack of understanding as to when multivariate meta-analysis is beneficial or a lack of 

understanding the consequences of ignoring correlation in meta-analysis (Riley, 2009).  Another major barrier 

is that multivariate meta-analysis models require, from each study, the within-study correlation or individual 

participant data are available. Unfortunately, within-study correlations or individual participant are rarely 

reported in primary study publications, and conceivably this must put practitioner off the multivariate meta-

analysis approach. 

The remainder of this paper is organized as follows. In Section 2 we describe the bivariate fixed effect, 

bivariate random effect, and bivariate marginal models and then extend the discussion with the detail on how 

to estimate the pooled estimates, the effect of ignoring within-study correlation, a review of dealing with 

unavailable within-study correlation needed for the multivariate meta-analysis approach, and a description of a 

new method called Bayesian correlation approach to approximate this correlation when it cannot be obtained 
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from alternative sources.  In Section 3 we illustrate a simulation study to explore how the statistical properties 

of the pooled effect estimates are affected by (i) the estimation of unknown with-study correlations using 

Pearson correlation approach and new Bayesian correlation approach, (ii) strength of the estimated within-

study correlations, and (iii) strength of the between study and the within-study variances. The simulation 

allows us to compare the performance of bivariate fixed and random effect models against separate univariate 

fixed effect meta-analyses models. In Section 4 we apply the methods to the motivating example. In Section 5, 

we conclude with a discussion of the benefits of using new Bayesian correlation approach to estimate 

unknown within-study correlations. 

 

2.  Material and Methods 

2.1   Bivariate Fixed Effect Meta-Analysis Model (BFMA) 

In a bivariate fixed effect model, the two correlated end points or treatment effects of interest are assumed to 

follow a bivariate normal distribution within studies 

																																			��|��~�	��, ���,							�� = � S���� S���S���ρ��S���S���ρ�� S���� �,                                (2.1) 

where N denotes a bivariate normal distribution, µi	 	=		µ1i,	µ2i	� is the true underlying effect for the ith study 

and Si is the covariance matrix of yi.  The matrices Si are referred to as the within-study covariance matrices; 

their entries are estimated in practice using the individual patient data (IPD) for each study separately but 

regarded fixed and known when pooling the results to make inferences. The within-study standard errors are 

usually reported in primary publications and they can be used to obtain the within-study variances (the 

diagonal entries of Si).  The model (2.1) requires ρSi	(off-diagonal entries of Si) to be available in those studies 

providing both end points, which is unfortunately unlikely. We will review available methods for dealing with 

unknown within-study correlations in Section 2.6 and also propose a new approach to conduct multivariate 

meta-analysis in the absent of within-study correlations in the Section 2.6.8. 

 

2.2   Bivariate Random Effects Meta-Analysis Model (BRMA) 

The bivariate random effects model allows the µi to vary from one study to the next and further assumes that 

                         ��~�	�, ��,							� = � D��� D��D��ρ�D���D��ρ� D���
�,                                           (2.2) 

where µ is the average effect from a normal distribution of study treatment effects and D is the between-study 

covariance matrix. The between-study variances D���  and D���  account for any heterogeneity in µ1i and µ2i	
across studies, and ρD represents their between-study correlation. 

 

2.3   Bivariate Marginal Model 

The conventional bivariate random effects meta-analysis model is marginally given by 

																																																																					��~�	 , �� + ��,                                                      (2.3) 

where the yi are further assumed to be independent because they come from separate studies.  The model (2.3) 

reverts to a bivariate fixed effects meta-analysis when D = 0, and to a separate univariate meta-analysis of each 

end point when ρSi = ρD  = 0, i.e. all correlations are 0.  Usually the objective of meta-analysis is to estimate µ 
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and D. Once �"  has been calculated, the estimated between-study correlations can be obtained directly as the 

appropriate entry of �"  divided by the corresponding between-study standard deviations, which are obtained as 

the square roots of the diagonal entries. 

2.4   Estimation 

A variety of approaches for fitting the random effects model for meta-analysis have been developed. Assuming 

all studies provide all effects, the pooled estimates �# are given in terms of  �"  by 

	�# = $∑ 	�& + �"�'()&*( +'($∑ 	�& + �"�'()&*( �&+,                             (2.4) 

where n is the number of studies. 

2.5   The Effect of Ignoring Within-study Correlation 

Multivariate meta-analysis models require, from each study, the within-study correlation ρSi (or equivalently 

S12i) to be available. But, in practice within-study correlations are rarely reported in primary study 

publications. In some scenarios the within-study correlations can justifiably be assumed zero or close to zero 

(Reitsma, et al., 2005, Daniels & Hughes, 1997, Korn, et al., 2005, Thompson & Sharp, 1999), such as in 

diagnostic studies where sensitivity and specificity estimates are independently derived from separate patients.  

However, in other settings such as the meta-analysis of longitudinal data (Jones, et al., 2009), or for multiple 

outcomes such as overall and disease-free survival (Riley, et al., 2007), the true within-study correlations are 

likely to be non-zero. One study in the literature concludes that if interest lies only in the pooled effects one 

can fit multivariate model with S12i set to 0 without any significant risk of bias or loss of precision in estimates. 

However, this recommendation has been questioned by analytically assessing the influence of within-study 

correlation on the pooled estimates and also by some simulation studies (Riley, 2009). 

 

2.6   Estimating the Within-study Correlation 

In BFMA, we assume that 	y1i,	y2i� follow a bivariate normal distribution as indicated in the model (2.1) and 

in which ρSi are the within-study correlations. They indicate the dependency between outcome estimates 

within a study and which is what we want in implementing a BFMA model. Meta-analysts should not ignore 

the dependence among study outcomes and should use some procedure to deal with dependence.  Some 

widely applicable ways in which this problem can be resolved are described here and we also propose and 

evaluate a new method, which we termed as Bayesian correlation approach in the Section 2.6.8. 

 

2.6.1   Individual Patient Data Approach 

One proposed method for dealing with unknown within-study correlation is individual patient data approach. 

It involves the collection of raw data from the studies of interest and it allows one to access complete data 

records from each of the included studies (Dutton, 2011). In multivariate meta-analysis, availability of IPD 

allows us to calculate the within-study correlation directly in each study.  For example, the within-study 

correlation between the effects of treatment on systolic and diastolic blood pressure can be calculated with the 

use of individual patient data, by modelling a bivariate regression model between two outcomes jointly in each 

study (Riley, et al., 2008). Bootstrapping methods may be required to obtain the within-study correlations 
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using IPD in more complex modelling situations, for instance two different survival outcomes are of interest 

(Daniels & Hughes, 1997). One issue with this approach is that the individual patient data may not be 

available in all studies and therefore within-study correlations are still not fully available. In such a situation, 

one can compute the within-study correlation from a single study where individual data are available and it 

can be used as a ’likely’ within-study correlation estimate for all other studies with unavailable within-study 

correlations. An average correlation could be used if the IPD is available for more than one study (Kirkham, et 

al., 2012). 

 

2.6.2   Biological Reasoning (Expert Opinion) 

In the absent of IPD, biological reasoning or expert opinion may be used to approximate the within-study 

correlation. An expert in the clinical field could be asked to suggest a plausible within-study correlation 

between the estimators for use in all studies.  For example, researchers hypothesize that the relationship 

between all-cause mortality and treatment failure has a positive correlation in the study where beta-lactam is 

used for the treatment of cancer patients with neutropenia (Kirkham, et al., 2012). In this case even though the 

direction of the correlation is distinct, the strength might not be determined. However, in some particular 

situations, an expert can give a numerical value for the correlation based on his prior experience.  The 

incorporation of expert opinion in estimating within study correlation is an alternative in multivariate meta- 

analysis as it provides a quick and inexpensive alternative when IPD are not available.  However, careless use 

of expert’s opinions can result in inaccurate or bias conclusions.  Issues such as over confidence, 

representativeness, translation and linguistic uncertainty can lead experts to provide false or misleading 

opinions. Hence, the accuracy of the approximation of within-study correlations is an important determinant of 

the impact of the expert opinion to the outcome of the meta-analysis. 

 

2.6.3   Narrow the Range of Possible Values 

In some situations, it is possible to narrow the range of possible values for the unknown within-study 

correlations. For example, external information has been used for this purpose in the literature (Raudenbush, et 

al., 1988). Another study has narrowed the range of possible values for the within-study correlation by 

calculating lower and upper bounds from the 2 × 2 tables that were available from each study (Berrington & 

Cox, 2003). The identification of a range of correlation values has similarly helped to inform meta-analysis in 

other contexts (Abrams, et al., 2005). 

 

2.6.4   Perform Sensitivity Analyses 

In the absent of IPD, a sensitivity analysis could be performed by imputing correlations over the entire range 

of values (i.e. from - 1 to 1), to assess whether and how conclusions depend on the correlation that is imputed. 

For example, if the eligibility of some studies in the meta-analysis is dubious because unavailability of within 

study correlations, sensitivity analysis may involve undertaking the meta-analysis twice: first, including all 

studies and second, only including those that are definitely known to be eligible. In a Bayesian framework, a 

uniform (-1, 1) prior distribution has been used on the within-study correlation and then assessed whether 

conclusions are robust to change in the specification of this prior (Riley, 2009).  However, the use of 

sensitivity analysis for the estimation of within-study correlations can become problematic in a situation where 

the dimension is more than two. 
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2.6.5   Use an Alternative Model 

Unavailability of within-study correlations has motivated researchers to build alternative multivariate random 

effects models for meta-analysis which do not require the within-study correlations. Riley, et al., (2008) has 

proposed such an alternative model for bivariate random effects meta-analysis and this model includes only 

one overall correlation parameter ,	which is a combination of the within-study and between-study 

correlations. This removes the need to know the within-study correlations, and the data that are required to fit 

the model are the same as those needed for a separate univariate analysis of each outcome, which makes it 

widely applicable. The alternative BRMA model can be specified as  

 

     -./0.102~� 3-4/412 , ∅�6          (2.5) 

 

																∅� = � 7���� + 8��� ,9	7��� + 8��� �	7��� + 8��� �
,9	7��� + 8��� �	7��� + 8��� � 7���� + 8���

�,                  (2.6) 

 

where 8::� 	indicates the additional variation beyond sampling error and , denotes the overall correlation. In 

here, interest lies only in the pooled estimates, or some function of them, and estimation can however become 

unstable when the estimated correlation (,;) is very close to 1 or -1. This alternative model produces pooled 

estimates that are very similar to those from fitting the general BRMA model where the within-study 

correlations are known and have better statistical properties than those from separate URMAs, especially 

given missing data (Riley, et al., 2008). 

 

2.6.6   Pearson Correlation Method 

Another approach known as the Pearson correlation method has been proposed with the use of treatment effect 

estimates in the literature (Kirkham, et al., 2012). In the present of data on both outcomes, the Pearson 

correlation coefficient can be calculated between the pairs of treatment effect estimates for a bivariate analysis 

and it can be assumed as a common within-study correlation , in each study. Simply, we have to assume that 

the within-study correlations are the same in each study and that this correlation will be closely reflected in the 

observed correlation between paired outcome effects across studies. In conclusion, a precise estimate of the 

Pearson correlation could be obtained with five data points (Abdel-Megeed, 1984). 

 

2.6.7   Use of Formulas 

Most imputation approaches have been based on imputing the correlation between treatment effect estimates 

and assuming this correlation to be identical for every study. Wei and Higgins (2013) propose an approach to 

approximate the within-study covariance based on information about likely correlations between underlying 

outcomes instead of treatment effect estimates.  In brief, the treatment effect is a quantity that describes the 

benefit or harm of the treatment, whereas the outcome is the direct measurement on the participants. 

Evaluating within-study correlation at the outcome level can bring two main advantages. First, these 

correlations can easily be obtained from external sources, and if not, then plausible values for them could be 

provided than between treatment effect estimates. Second, these correlations are more natural descriptors of 

inherent similarities and allow the correlations between treatment effect estimates to vary according to other 
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measurable features of the study. This paper considers both continuous and dichotomous outcomes, which are 

the most common in meta-analysis.  For instance, the covariance between two estimates of mean differences is 

given in closed form as 

																																		>?@	AB�, AB�� = C/1D
C/DC1D ,7�E7�E+ C/1F

C/FC1F ,7�G7�G                                      (2.7) 

where, n1t	 , n2t , and n12t denote the number of participants who report outcome 1, of those who report 

outcome 2, and of those who report both outcome 1 and outcome 2, respectively, in the treatment group. In a 

similar way, we define n1c, n2c, and n12c for the control group. The correlation between the two outcomes 

themselves is denoted by , and is substituted by a value taken from an external source of information. 

 

2.6.8   Bayesian Correlation Method 

In this paper we propose a novel approach and which we call as Bayesian correlation method to deal with 

unknown within-study correlations in bivariate meta-analysis. The Pearson’s correlation approach is quite 

simple whenever someone wants to get an approximation for the common within study correlation. In 

practice, Pearson’s correlation coefficient is calculated when both variables being studied are normally 

distributed. This coefficient is highly affected by the outliers, which may exaggerate or dampen the value of 

the coefficient (Mukaka, 2012). The smaller the number of available treatment effect estimates, the greater the 

effect of the outliers on value of correlation coefficient. In meta-analysis, the coverage for both outcomes can 

be slightly worse for the BFMA approach when the true within-study correlation is largely overestimated by 

the Pearson’s correlation approach; this was particularly evident with fewer studies included (Kirkham, et al., 

2012). 

In Bayesian theory, the estimation of correlation coefficient reduces to estimating the parameters of a bivariate 

normal distribution given some data. The bivariate normal distribution is not parameterized using	,, that is, we 

cannot estimate , directly.  The model is defined in terms of μL and μM	the means of the two marginal 

distributions and a covariance matrix Σ which define OP� and O.�, the variances of the two marginal 

distributions, and the covariance, how much the marginal distributions vary together. Given correlation as ,, 

the covariance can be written down as ,OPO.. The model that we want to estimate is 

                           QR� , S�T~�$U P,  .V, Σ+,    Σ = � σL� ρσLσM
ρσLσM σM� �.                                          (2.8) 

In a Bayesian framework, we need to choose suitable prior distributions to implement the model 

(2.8). Even though the covariance matrix plays the main role in the model, yet modeling a covariance matrix is 

often a difficult task in practice due to its dimensionality and the non-negative definite constraint. When 

modeling correlations, a prior distribution is often chosen for the covariance matrix. The most commonly used 

prior for the covariance matrix is Inverse-Wishart distribution.  In order to model a covariance matrix directly, 

recent interest has focused on broken down it into variance components.  Priors are then assigned separately 

forOP, O. and ρ. The main advantage of this approach is the greater flexibility (Barnard, et, al., 2000). In order 

to make our Bayesian correlation estimate more robust, we can replace the bivariate normal distribution to a 

bivariate t-distribution. Then, it is required to specify a prior for the degree of freedom that both allow for 

completely normally distributed data or normally distributed data with an occasional outliers.  In practice, it is 

recommended to use the t-distribution because it also estimates the heaviness of the tails of the bivariate t-
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distribution and if there is sufficient evidence in the data for normality the estimated t-distribution will be very 

close to a normal distribution. 

In the model 2.8, the pair 	R�, S��	represents the two treatment effect estimates. Normal priors were assigned 

for the mean parameters,  P	and  ..  The standard deviation 74 of the prior on   was seted as 1,000 times the 

standard deviation of the pooled data to keep the prior distribution broad relative to the arbitrary scale of the 

data. To keep the prior scaled appropriately relative to the arbitrary scale of the data, the mean A4 of the prior 

on   is arbitrarily set to the mean of the pooled data. A uniform distribution has been assigned as the prior on 

the standard deviation and in which low value	Z[, set to one thousandth of the standard deviation of the pooled 

data, to a high value \[ , set to one thousand times the standard deviation of the pooled data.  The degrees of 

freedom was assigned that is exponentially distributed, which spreads prior credibility fairly evenly over 

nearly normal and heavy tailed data (Kruschke, 2013). 

 

2.7   Software Implementation 

The model 2.8 can be implemented with R and the JAGS sampler interfaced with R using the rjags package. 

JAGS stands for Just Another Gibbs Sampler. It is a program for the analysis of Bayesian models using 

Markov Chain Monte Carlo (MCMC). JAGS is designed to work closely with the R language.  The rjags 

package works directly with JAGS from within R. Running a model refers to generating samples from the 

posterior distribution of the model parameters. 

 

As the number of iterations tends to infinity, the output from an MCMC sampler converges to the posterior 

distribution of the model parameters. Usually, the MCMC output is divided into two parts: an initial ”burn-in” 

period, which is discarded, and the remainder of the run, in which the output is considered to have converged 

(sufficiently close) to the target distribution. Samples from the second part are used to create approximate 

summary statistics for the target distribution. A reasonable point estimate for correlation coefficient can be 

obtained from this summary statistics. 

 

3.  Simulation Study 

A simulation study was carried out to demonstrate the estimation properties from BRMA when a common 

within study correlation is estimated using Pearson correlation and also using new Bayesian approach.  All 

BRMA simulations results were compared with corresponding UFMA and URMA results. 

The within study variances were generated from a 0.25x ]�� distribution. Two set of values (length n) were 

obtained as one for within study variance of outcome X	 and one for within study variance of outcome	 Y. 

Values outside the range [0.009, 0.6] were disregarded and a new value was generated. Simulated within study 

variances were then sorted so that the first study has the largest pair of values (`a0� 	and `b0� ) and so on, until the 

last study had the smallest pair of values. For each meta-analysis in the simulation, new set of within study 

variances were generated. This simulation procedure has been used previously and has been shown to simulate 

a realistic mixture of study sample sizes (Jackson, et al., 2010, Jamie, et al., 2012). The model (2.3) was used 

to simulate pairs of c� and d�	by taking both the true overall treatment effects  �	and  � be zero for all 

simulation scenarios. 

The following criterion was used in order to choose suitable parameter values to investigate in the simulation 

study. The proportion of marginal variation in X and Y due to heterogeneity is given by ea� = B��� /	0.056 +
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B��� � and eb� = B��� /	0.056 + B��� �. Three values of these e� terms were considered: 0 (no marginal between-

study heterogeneity), 0.3 (mild heterogeneity) and 0.75 (notable heterogeneity), giving nine pairs of I�	values.  

In order to investigate the special case where all outcomes are independent, both the between-study correlation 

,k and all within-study correlations ,l0  set to 0 in simulation runs 1-9.  When one or both of the e�	values is 0 

the correlation ,k  is not defined, and ,k = 0 is then taken to mean that the covariance ,kB��B�� = 0 in such 

instances. Runs 10-17 considered situations where the between and within-study correlations are similar, 

where ,k	and all ,l0were set to 0.7 or to 0.95; only the combinations of ea� =	 	0.3, 0.75�	and eb� =		0.3, 0.75�	were considered when using these correlations, as values e� of zero do not permit such a 

correlation. Runs 18-25 repeated runs 10-17 with the ,l0all set to zero. 

 

3.2   Models Fitted to Each Generated Dataset 

Different models were fitted to each meta-analysis dataset generated in the simulation study.  The UFMA and 

URMA models were fitted and then the BRMA model was fitted, first using the Pearson correlation approach 

and then using the Bayesian correlation approach.  In the Pearson correlation approach, a common within-

study correlation for each study was estimated by calculating the Pearson correlation between the pairs of 

available treatment effect estimates for the two outcomes. In Bayesian correlation approach, a common within-

study correlation for each study was estimated using the posterior distribution of , in the model 2.8. 

 

3.3   Assessment of Performance 

The performance of the estimates  � and  � were assessed in terms of bias, standard error, mean square error 

(MSE) and coverage. The BRMA estimates were obtained for both Pearson correlation approximation and 

Bayesian correlation approximation for each of the 1000 simulation scenarios. The corresponding 1000 

UFMA and URMA estimates were also obtained for each of the scenarios (see Appendix Table 4 and Table 

5). The comparison was performed by calculating: (a) the average parameter estimates across all the 

simulations (to estimate bias), (b) the average standard error and MSE of  � and  �  (to assess precision) and 

(c) the coverage of the 95% confidence intervals (CIs) for  � and	 �. The percentage of simulated datasets for 

which the 95% confidence interval for an outcome’s treatment effect estimate contained the true effect 

estimate was taken as the coverage. 

 

3.4   Results of Simulation Scenarios 

In simulation runs 1-9, both the between-study correlation ,k and all within-study correlations ,l0 	were set to 

0 and different combinations of between study variances were considered. Applying the UFMA model leads to 

produce 0.0805 and 0.0790 average standard error for the first and second outcomes respectively.  The 

corresponding statistics when fitting a URMA model were 0.1260 and 0.0877 respectively.  Those values 

indicate that there is a slight increase of standard error of the URMA model over UFMA model. For the same 

simulation scenario using UFMA model, the MSEs were observed as 0.0291 and 0.0098 for the first and 

second outcomes respectively. For the URMA model corresponding statistics were observed as 0.0354 and 

0.0118 respectively. Further, the UFMA approach had poorer coverage of 73% compared with the URMA 

approach where the coverage was 93%. Even though both the between-study correlation ,k and all within-

study correlations ,l0  were zero, fitting a UFMA gives pooled results with a severely affected coverage.  This 

inconsistency in results could be explained by the deference in between study variances.  
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In runs 10-17, we considered the situation in which the within-study correlations and the between study 

correlation are similar, where ,k and all ,l0were set to 0.7 or to 0.95. The two values (0.024and 0.168) were 

considered as the between study variances. Under this simulation scenario, applying UFMA model leads to 

produce mean square errors of 0.0486 and 0.0354 for the first and second outcomes respectively. For URMA 

model, the corresponding statistics were observed as 0.0572 and 0.0382 respectively. The coverage 

percentages were observed as 65 and 92 for UFMA and URMA model respectively. When these simulation 

results were compared with previous simulation (1-9 runs) results, it is clearly evidence a reduction in 

coverage and an increment in MSE for both UFMA and URMA models. This situation could be explained as 

an effect of fitting a univariate model when high within study correlation exists between treatment effect 

estimates. 

In runs 18-25, we considered zero the within study correlations and the high between study correlation. The 

two values (0.024 and 0.168) were considered as the between study variances. Here applying UFMA model 

leads to produce mean square errors of 0.0379 and 0.0234 for the first and second outcomes respectively. For 

URMA model, the corresponding statistics were observed as 0.0461 and 0.0270 respectively. The coverage 

percentages were observed as 71 and 93 for UFMA and URMA models respectively. There is a clear 

reduction in MSE and an improvement in coverage for UFMA model over the previous simulation scenario 

and this could be explained as an advantage of UFMA when the within study correlation is actually zero. The 

improvement of the URMA model over the previous simulation could also be justified as a consequence zero 

within study correlation. 

For all data simulation scenarios, the pooled estimates were approximately unbiased for both BRMA(Bayesian) 

and BRMA(Pearson) (see Appendix Table 4). Applying the BRMA approach using the Bayesian correlation 

method (BRMA(Bayesian)) appeared to perform quite well comparing with other three approaches.  In most of 

the runs, the BRMA(Bayesian) produces the smallest mean square error for both outcomes. In BRMA (Bayesian) 

model, the standard errors were an improvement over the other three approaches for both outcomes. For the 

first outcome, BRMA(Bayesian) has the smallest standard error over all 25 runs and for the second outcome, both 

BRMA(Bayesian) and BRMA(Pearson) have comparable standard errors. In BRMA(Bayesian) model, the mean 

coverage for the first outcome is 91.752% and for the second outcome is 94.568%.  In BRMA (Pearson) 

model, the mean coverage for the first outcome is 91.904% and for the second outcome is 94.428%.  Thus, in 

BRMA(Bayesian) model, there is a little improvement over the mean coverage for the second outcome but not for 

the first outcome.  Although URMA approach had poorer standard errors and mean square errors, its pooled 

estimates were approximately unbiased and coverage was comparable with other two BRMA approaches. 

Fitting UFMA produces poorer statistical results under all simulation scenarios. 

 

4.  Application to Acute Stroke Data 

We now apply URMA model and BRMA model to data (see Appendix Table 2) from 21 studies that assess 

the effectiveness of hypertension treatment for lowering blood pressure (Geeganage & Bath, 2010). A random 

effects model was chosen a priori because heterogeneity was significant and the value of e�	index which can 

be interpreted as the percentage of the total variability in a set of effect sizes due to true heterogeneity, that is, 

to between-studies variability (Huedo-Medina, et al., 2006) was obtained as 54.4%. The treatment effects on 

the systolic and diastolic blood pressures are denoted by SBP and DBP respectively. Negative estimates 

indicate that the treatment is beneficial. The within-study variances corresponding to treatment effects SBP 
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and DBP are denoted by Var(MDSBP ) and Var(MDDBP) respectively (see Appendix Table 3). The within-study 

correlations are unknown in this example but expected to be highly positively correlated (Gavish, et al., 2008).  

Thus, we selected a uniform(0,1) prior for the common within study correlation , and performed the proposed 

Bayesian approach to get an approximation for the common with study correlation.  

We conducted a BRMA using restricted maximum likelihood and assuming the within-study correlations are 

equal to the Bayesian approximation 0.6639 gives a mean difference in SBP as -2.5540 and mean difference in 

DBP as -2.4467. Again a BRMA was performed assuming the within-study correlations are equal to the 

Pearson approximation 0.6945 gives a mean difference in SBP as -2.5728 and mean difference in DBP as -

2.4363 (Table 1). 

 

 
 

When the Bayesian approximation was applied, there was a slight increase in the precision of the estimated 

treatment effects over the Pearson correlation approach.  The correlations between treatment effects were 

estimated as 1 and 0.9779 across studies for the Bayesian and Pearson approaches respectively.  As evidence 

in here, very high estimated correlations are a common finding in applications of multivariate meta-analysis. 

When the number of studies is small and/or the within-study variation is large relative to the between-study 

variation, the between-study correlation is often poorly estimated as +1 or 1 (Riley, et al., 2008). The URMA 

model produces estimates with generally less precision statistical properties than those from any BRMA 

models.  Applying the UFMA approach has let to poorer treatment effect estimates severely for both 

outcomes. 

 

5.   Discussion 

In practice within-study correlations are rarely reported in primary study publications.  One of the main 

challenges of the multivariate approach is knowing how to obtain the within-study correlations to measure the 

dependence between the outcomes for each study when these are unknown (Riley, 2009). In this paper we 

proposed the Bayesian correlation method to estimate this quantity to be the assumed within-study correlation 

across all studies and it was compared with the previously suggested the Pearson correlation approach.  Both 

are convenient approach to obtain a value as the common within study correlation when no other source is 

available. The simulations show that both method BRMA(Bayesian) and BRMA(Pearson) generally performed well 

over UFMA or URMA. Comparison results also indicates that BRMA(Bayesian) produces better statistical 

properties than BRMA(Pearson). 

In general, multivariate meta-analysis can offer advantages over a univariate approach. However, the use of 

multivariate meta-analysis becomes problematic when within-study correlations cannot be specified. We have 

derived an approximation for the common within study correlation for situations in which individual patient 

data are not available but correlations between treatment effects can be specified.  Our simulation studies 

assess whether imputing correlation between treatment effect can improve estimation compared with 
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alternative approaches. We can conclude that when there is heterogeneity of effects across studies and high 

correlation within studies, our approach perform quite well. 
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6.   Appendix 
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